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Abstract
In this paper, we construct the quantum codes from cyclic codes over the family of finite rings A, ,
where ¢ is prime power for arbitrary length n. We obtain self-orthogonal codes over [, as gray map of
linear and cyclic codes over A, . Finally, we determine the parameters of quantum codes over A, in
which some of our quantum codes [[an, 2k — 25n, dL]]q are new in literature.
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1 Introduction
Quantum computers have a extraordinary potential to solve very complex problems very quickly
than any classical computer. It uses quantum mechanical phenomena to perform and compute data.
Quantum error correction is used in quantum computing to protect quantum information from errors due to
decoherence and quantum noise. It plays a important role in quantum computation and quantum
information.

Shor [4] and independently, Steane [7] were the first to introduce impressive technique for quantum
error correction. Then a construction method,which is known as CSS construction - method, was introduced
by Calderbank et al. [5] to construct quantum error-correcting codes from classical error correcting codes.
They found quantum error-correcting codes by transforming the problem of finding quantum error
correction codes into finding additive codes over the field F, which are self-orthogonal. It brings great
revolution in quantum computing. Many good quantum codes have been constructed since then by using
classical cyclic codes over binary and non-binary fields with self orthogonal properties(see references 8-14).
The studies of quantum error correction is mostly on binary codes but later these are generalized to
non-binary codes in order to relate it with the binary case. For example, Ashikhmin and Knill [12] gavea q —
ary quantum codes from the self-orthogonal codes over qu for any prime power g. On the analogs to
Calderbank-Shor-Steane codes (CSS codes) and of GF(4) Rains [13] constructed families of quantum codes
over non-binary fields.

Many good quantum codes have been constructed by some authors using linear and cyclic codes
over finite rings. Qian et. al. [3] gave construction method of quantum error correcting codes using cyclic
codes over F, + uF,,u? = 0. Kai and Zhu [2] constructed the quantum codes from linear and cyclic codes
over F, + uF,,u? = 0. Qian [6] introduced a new construction method of quantum codes from cyclic codes
over F, + vF,,v? = v. Dertli et. al. [1] obtained quantum codes over A,. Asraf and Mohammad [14] gave
construction of quantum codes from cyclic codes over F, +ufF; + vk, + quq,u2 =u, v’ =v,uv =
vu,where q = p™, p is a odd prime. Abhay Kumar Singh et. al. [15] obtained quantum codes over F, +
uF, + u?F,u® = u
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In this paper we construct quantum error-correcting code over g from cyclic codes over the family
of finite rings A, where s =1 and g = p™, where p is any prime. We can find many good codes over
the family of finite rings A ;.

This paper is organized as follows. In Sec. 2, we discuss the structure and some basic knowledge
about the finite ring A, ;. In Sec.3 we introduce a generalized form of Gray map ¢ over A, and we
show that if C is orthogonal then ¢4(C). In Sec. 4 we discuss linear and cyclic codes over the ring A, .
Also we give a necessary and sufficient condition for cyclic code over A, that contains its dual. In Sec. 5,
we obtain the parameters of quantum error correcting codes over A, . Sec. 6 contains some examples.

2 Preliminaries
Define the ring,

_ Fql  vi,v2,..0s]
5 (vE=vivwj=v v Vi,j=12,..5)
where p is a prime.
The ring A, s is a finite commutative ring with cardinality qzs and characteristic g. It is not a local
ring and not a finite chain ring. It is a semi-local ring with 2° maximal ideal and a principal ideal ring.
The ring A, can be recursively defined as
Ags = Ags—1+ VsAgs-1

A

m

fors=1and g =p

For any subset A € {1,2, ..., s}, we define
v = [liea i
with UA=¢ =1.
Then any element of A, is expressed as
YAc(1,2...s}) CAVA) cp € Fy

A code C of length n over A, is a non-empty subset of A7 and a code C islinear over A,
ifitisan A, — submodule of Af.

A linear code C over Ag;s is a cyclic code if c¢=(cg,Cy,.nsCp1) EC = o(c)=
(€p-1,Coy ++-»Cn—z) EC.

A subset C of Af is a linear cyclic code of length n if and only if its polynomial representation is
an ideal of %.

Let C be a code of length n over F, and a codeword e = (eg, €1, e €n_1) € IFZ. Then the
Hamming weight wty(e) of a codeword e is the number of nonzero components i.e.

wty(e) =Y0"1e, ; where wty(e)=1 if e=1 and wty(e) =0 if e =
0.

The minimum weight of a code C is denoted by wty(C) and is the smallest weight among all its
nonzero codewords.
Hamming distance dy(e,e’) between two codewords e, e’ € IFE of acode C is defined as
dy(e,e’) = wty(e—e")

The Hamming distance of C is defined by
dy(C) =min. dy(e,e’);where for any e €C, e#e’

3 GrayMap ¢, s=>1 over A,

Since ring Ag s can be recursively written as Ay = Ag 1 + VsAgs-1. SO every element of Ay
can be expressed as

for k=1, a+v,b, where a,b€ F, ,and

for s =2, a +vsf, where a,f € Ags_4

The gray map ¢, from AZ,1 to IFEI" is defined in terms of vectors as
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¢1(a’ +v1b") = (a',a’ +2b")
Where a',b' €F; and for s2=2,let ¢ =c¢'+vsc;,' €AY,
define ¢g: AR — FZ™ by
ps(c) = (¢’s—1(C1'))'¢s—1(C1') + 2¢s-1(c2"))

Forany ¢’ € A, , the Lee weight is defined as

wt,(c) = wty(ds(c))
The Lee distance between x,y € A, is defined as

dy(x,y) =wt (x —y)
The Lee distance of C is defined by

d,(C) =min. d,(x,y);where for any ye€eC, x#y

where ¢',¢c;' € Aps_q we

Taking into consideration the definition of the gray map, it is possible to verify the following
theorem.

Theorem 3.1 The gray map ¢ is a weight preserving map from (Ays , Lee weight) to
(Fésn, Hamming wight) and anisometry from (Afs , Lee distance) to (IF‘SS”,
Hamming distance).

Theorem 3.2 If C isan (n,k,d,) linear code over A, then ¢s(C) isa (2°n,k,d) linear code
over F,, where d =d,.

Proof. Let a,f € Ay ,then

a = al + 1750(2
And

B = B1+ VP
Where ay, a3, b1, B2 € Ags-1 SO, we have
ps(a+p) = ¢s((“1 + f1) + vs(ay + ﬁz))
= (Ps-1(as + 1), Ps—1((ay + 1) + (az + B2))
= (¢s—1(“1) + Ps_1(B1), Ps—1(ay + az) + ps_1(F1 + ,32))
= (¢s—1(“1): ¢s—1(a; + az)) + (¢s—1(,81)' ¢s—1(f1 + ﬁz))

= (¢s—1(‘1’1);¢s—1(“1) + ¢s—1(a2)) + (¢s—1(,81)' hs—1(B1) + ¢s—1(ﬁz))

= ¢s(a) + ¢s(B)
And,
¢s(ta) = (¢s—1(T0‘1), ¢s—1(Tay) + ¢s—1(T0‘2))
= (ts-1(a1), T(Ps_1(a1) + Ps_1(a3)))
= T(¢s—1(“1)' ¢s-1(ar) + ¢s—1(a2))
= 1¢s(a)

Hence, the map ¢, is linear. Since, ¢, is a bijection therefore we have |C| = |¢¢(C)|. So we have, d =
dp.

Theorem 3.3 Let C be a linear code of length n over A, . If C is an Eclidean self-orthogonal, then
¢s(C) is also.
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Proof. For s=1,
let a = a; + via,, b = by +v1b, € C, where a,,a3, by, b, € Fy
Now , we have

a-b=(a; +viaz) - (by +v1b;)

= a1b1 + Ul(albz + azbl + azbz)

Since C is self-orthogonal so we have,

a1b1 = 0 and (albz + a2b1 + azbz) = 0
So,

$1(a) - d1(b) = (ay, a1 + az) - (by, by + by)
= a.b; + a;b; + a1b, + a,b, + a,b, = 0 Hence, ¢,(C)is self —orthogonal. Thus, the theorem is
true for s = 1. Suppose theorem is true for s =m —1,sowe have for any x,y €C

x-y=0= Pm-1(x) - Pm-1(y) =0

Now, suppose s =m, thenlet a’' = a;,' + v,a, b’ =b, +v,b,’ €C, where a,’,a,,b;’, b, €

n
qgm-1
a-b'=0
= (a;" + vpay') - (b1, + vmbzl) =0
=a,/- b, =0 anda,/b, +a,’b;' +a,’b,’ =0
= bm-1(as’) - ¢m—1(b1’) =0
and

Pm-1(ar) o1 B+ Ppo1(@) s P (b)) + Pmoa(@) i () =0

50, ¢m (@)  $pm(d) = (dm-1(a1)), dm-1(a1") + dm-1(a2")) * (Pm-1(6")), Prm-1.(b1") +
Pm-1(b3))

= Pm-1(@) G0+ Pmoa(@) o P (D) F P (@) i (b)) +
Pm-1(az) - P (b)) +  Ppoi(ar) - Po1(b2)

=0
Therefore, ¢,,(C) is self-orthogonal. Thus, theorem is true Vs € N.

4 Linear and cyclic codes over A4,
We have forany A € {1,2,...,5}, vp = [liea vi-
with vp_gy = 1.
Let
&= v (Zacpz.syn (D'wa  )ifor i=123,..,2°

Where [ is number of elementin A and A’ issome A different for each i.

It can be easily observed that
2

g =¢ ,55=0 and Z?il g =1, where i,j=123,..,2%nd i+]j.
Wehave A, =@ Ay for 1=1.23,..,2°%
Also we can easily observed that A, = F,; Vi =123, ..., 25. S0, we have Ags = 2?21 &lFg

Therefore we can express any a € A, uniquely as a = Zizil ga;, where a; €F, for (=
1,2,3,...,2°
let B;, i =1273,..,2° becodesover F,, Wedenote

[JCRT2502294 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | c513


http://www.ijcrt.org/

www.ijcrt.org © 2025 IJCRT | Volume 13, Issue 2 February 2025 | ISSN: 2320-2882
® B, ={X%, b:b; € B,i =1,23,..,25}, for i=123,..,2°

Definition 1 Let § = Zizil ga;';a;" € Fy. Let C bealinear code of length n over A, we define
C;={@ eFlag eF} ,vj(=i)e€{123,..,25 §eC}, i=123,..,2"

Ci(for i=1,23,..,2%) arelinear code of length n over F, .
Also, we have C= @ ¢C;for i=123,..,2%5 ,with |C|=]C| |Cy]...|Cys| and
d,(C) = min.{dy(C)), i=1,23,..,2°} If G; are the generator matrices of g —ary linear codes
Ci( i=1,23,..,2%) then the generator matrix of C is given by
G = [Glix; ( i=123,..,25

And the generator matrix of ¢(C) is given by
d(G) = [d(&G)]ix; ( 1=123,..,2%)
To determine the parameters of related quantum codes, we now provide some results on cyclic codes over
R. These findings are particular instances of those found by Yao et al. in [16].
Theorema4.1if C= @ ¢&C;( i=1273,..,2%) beacycliccode of length n over Ags then
cCt= & eiCl-l;( i=1,23,..,2%). Moreover, C is self-orthogonal code over Ags ifandonlyif C;
are self-orthogonal Vv i =1,2,3,...,25.

Lemma 4.2 If C= @ ¢&C;( i=1,273,..,2%) bealinearcode of length n over Ags
then C is cyclic code over A, if and only if Ci( i=1,23,..,2°%)are cyclic codes over Fq.
Lemma 4.3 If C= @ ¢&C;( i=1,23,..,2%) beacycliccode of length n over Ags
then
C=(fix),( i=123..,2% )
Where f;(x) are generator polynomials of C;, ( i=1,23,..,2%respectively, = And, |C| =
qZSn—( 2, deg(f;(x) )

Lemma 4.4 If C= @ ¢&C;( i=1,23,..,2%) beanycycliccodeof length n over
Ag s then there exist a unique polynomial f(x)such that C = (f(x)) and f(x)|x™ =1 where f(x) =
Zizil & fi: fi(x) are generator polynomials of C;, (i = 1,2,3,...,25) respectively.

Lemmad.s5let C= @ C;( i=123,..,2%) beacyclic code of length n over Ags

where C;(i = 1,2,3,...,2%)are q — ary codes. Then
Ct = (gh}; (i =123,..,2%)
And
|CL| = g deg(fix)
Where for hj(x) are the reciprocal polynomials of h;(x)=x"-1) /fi(x),i.e, hi(x)=
xdeg(hi() h;(x~Y), for i=1,.23,..,25.
The necessary and sufficient condition for cyclic codes to be self-orthogonal over F,m is described

by the following lemma:

Lemma 4.6 [17] A q — ary linear cyclic code C with generator polynomial f(x) contains its dual
code ifandonly if x™ —1 = 0(mod ff*) where f* denotes the reciprocal polynomial of f.

5 QUANTUM CODES FROM CYCLIC CODES OVER Aq’k
For any x = (x1,X3, ..., Xn), ¥ = (V1,¥2, -, ¥n) € Afs the Euclidean inner product of x and y
in A7 is defined by

(6, = x1Y1 + X2Y2 + - + XY
Then x and y are said to be orthogonal if (x,y)z = 0.
The dual code C1E of C is defined by
ct={xe €4l xy)p Vv yecC }
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Which is again a linear code of length n over Af ;.

If CS C*E thencode C is called self-orthogonal and if C = C1E then C is self dual.

One important lemma for quantum error-correcting codes, or CSS construction, is as follows:

Lemma 5.1 /9] Let C; and C, be two linear codes over [, with parameters [n,ki,d;], and

[n, k,d;], respectively and CZl E c C,. Thenan [[n, ki+k, —n, d]]q quantum code can be constructed,
where d = min. {wt(v): v E ((Cl\CzlE) U (CZ\CllE))} > min.{d,,d,} In particular, if CllE C C,, then
there exist an [[n, 2k, —n, d1]]q quantum code, where d; = min.{wt(v):v € Cl\CllE}.
For cyclic codes over A, that contain its dual, we now provide a necessary and sufficient
condition.
Theorem 5.2 Let C = (f(x)) be a cyclic code of arbitrary length n over A, where f(x) =
l-zil & f;(x). Then, C*E C C ifandonlyif x™ —1 = 0(modf;f/)for i=123,..,25where f;
denotes the reciprocal polynomial of f;, respectively for i=1,2,...,25.

Corollary 5.3 If C= @ ¢&C;( i=1,.23,..,2%) beany cyclic code of length n over
Ag.Then C+C C ifandonlyif C;’F € C;, for i=123,..,2°
Now by using Lemma 5.1 and Theorem 5.2, one can construct quantum codes as follows:
Theorem 5.4 Let C= @ ¢&C;( i=123,..,2%) beacycliccode of length n over
Ags If CilE cC, ( i=1.23,..,25),then C*E € C and there exists a quantum code with parameters
[[an, 2k — 2°n, dL]]q where d; is the minimum Lee weight of the code C and k is the dimension of the

code ¢(C).

6 Examples

Now we provide the following examples which demonstrate the usefulness of our result:
Example 6.1 Let Ag; = 1?3[2_:1)] andlet n=7.
1—v1
x—1=(x+Dx+w)x+wd)(x+w)x+wHx+w?)(x+w®) in Fglx] Llet fi(x) =
fo(x) = x3 +w*x? + x + w2,
Then, C; = (fi(x)),i = 1,2 are the cyclic codes over [Fg having the parameters [7,4,4].
Thus,

C=(fi(x)),i=12

is a cyclic code of length 7 over Ag;. Since f;f;" divide x” —1 for i = 1,2, so we have C* S C.
Also, ¢4(C) is [14,8,4]linear code. Hence we obtain a quantum code with parameters [[14,2,4]].This is a
new quantum error correcting code in literature.

Fo[  v1,v3,...U5]

(v?=vivivj=vjv; Vi j=1,2,..,5)

x*=1=(+1D* in Fplx] Let fi(x)=/f3(x) =fs(x) =fr(x) = fo(x) = fi1(x) = f1z(x) =
fis(x) = f17(x) = fio(X) = f21(%) = fazs(X) = f25(%) = foar (X) = f20(X) = f31(x) = fo(x) = fa(x) =
fe(X) = fa(x) = fro(x) = fi2(x) = fra(x) = fre(x) = fig(x) = f20(x) = fo2(%) = f24(X) = fr6(x) =
f28(%) = fz0(x) = f32(x) = (x + 1).

Then, C; = (fi(x)),i = 1,2,...32 are the cyclic codes over [, having the parameters [4,3,2].

Thus,

Example 6.2 Let A, s = andlet n = 4.

C ={(fi(x)),i=1.2,...32

is a cyclic code of length 4 over A,s. Since fifi" divide x*—=1 for i=1,2,...,32, so we have
Ct c C. Also, ¢s(C) is [128,96,2]linear code. Hence we obtain a quantum code with parameters
[[128,64,2]]. This is a new quantum error correcting code in literature.

Fal w102
L2 and let n = 27.
(vZ=vyvivj=vjv;Vij=1,2)

Example 6.3 Let Ay, =
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x —1=((x+Dx+w)(x+wd)3+w)(x3+wd)(x?+w)(x?+w?) in Fylx].
Let f1(x) =fz3(x) =f,(x) =x+w and
i) =x3+w
Then, C; = (f;(x)),i = 1,2,3,4 are the cyclic codes over [, having the parameters [27,24,2].
Thus,

C =(gfi(x)),i=1234

is a cyclic code of length 27 over A, ,.Since fif;" divide x?” —1 for i = 1,2,3,4, so we have C*+ C
C. Also, ¢,(C) is [108,102,2]linear code. Hence we obtain a quantum code with parameters [[108,96,2]].
This is a new quantum error correcting code.

F3[  v1,05,03,04]

(vF=vivivj=vjv; Vi j=1,2,34)

x°=1=2+x)° in Fsx] Llet fi(x)=fs(x) = fs(x) = f7(x) = fo(x) = f11(x) = frz(x) =
fi5(x) = f2(x) = fa(x) = fo(X) = fg(x) = fro(x) = f12(x) = f1a(x) = fie(x) = (2 + x).

Then, C; = (fi(x)),i = 1,2,...16 are the cyclic codes over [F5; having the parameters [9,8,2].

Thus,

andlet n = 9.

Example 6.4 Let A3, =

C =(fi(x),i=12,..16

is a cyclic code of length 9 over As,4. Since f;f;" divide x?—1 for i =1,2,...,16, so we have
CtcC. Also, ¢,(C) is [144,128,2]linear code. Hence we obtain a quantum code with parameters
[[144,112,2]]. This is a new quantum error correcting code in literature.

Fol[ v4,v,,05]

(vZ=vyvivj=vv;Vi,j=1,2,3)

xXB—-1=0+20)2+0)(x+w)(x+wH)x+wd)x+w)x+w)(x+w’) in Fye[x] .where
a’+1=0

. Let f1(x) = f3(x) = fs(x) = f(x) = L(x) = fo(x) = fe(¥) = fo(¥)) = (F® + w® xx% + w3+ x +

w*).

Then, C; = (fi(x)),i = 1,2,...8 are the cyclic codes over [Fy having the parameters [8,5,4].

Thus,

and let n = 8.

Example 6.5 Let Ag3 =

C=(efi(0)i=12..8

is a cyclic code of length 8 over Ag3.Since f;f;" divide x8 —1for i=1,2,...,8, s0 we have C* C
C.Also, ¢3(C) is[64,40,4]linear code. Hence we obtain a quantum code with parameters [[64,16,4]].

Fs[  v1,0,,03,04]

(vZ=vyvivj=vv;Vij=1,23,4)

M —1=U+x)4+x+x2+4x3+2x* + x°)(4 + 3x + x2 + 4x3 + 4x* + x°) in Fs[x] .Let
fi(x) = f3(x) = fs(x) = f(x) = fo(x) = f11(¥) = f13(x) = fis(x) = (4 + 3x + x* + 4x° + 4x* +
x®)and fo(x) = f,(x) = fo(x) = fo(x) = fro(®¥) = fi2(%) = fra(x) = fre(¥) = 4+ x + x* +4x> +
2x* + x5).

Then, C; = (fi(x)),i = 1,2,...16 are the cyclic codes over F¢ having the parameters [11,9,5].

Thus,

Example 6.6 Let A5, = andlet n =11.

C=(fi(x)),i=12,..16

is a cyclic code of length 4 over As,. Since f;f;" divide x'—1 for i=1,2,...,16, so we have
Ct c C. Also, ¢,(C) is [176,144,5]linear code. Hence we obtain a quantum code with parameters

[[176,106,5]]. This is a new quantum error correcting code in literature.

Example 6.7 Let A,5, = % and let n = 15.
1—"1

xB—1=Gx+DEx+Dx+wHx+wd)x+w®(x+w2) (3 +wh) (2 +wd)(x3 +
wi®)(x3 + w20 in Fys[x].let f1(x) = (x + wi®andf,(x) = (x3 + w?).
Then, C; = (fi(x)),i = 1,2 are the cyclic codes over [F,s having the parameters [15,12,2].
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Thus,

C= <£ifi(x)))i = 112

is a cyclic code of length 18 over A,s;. Since f;f;" divide x'® —1 for i = 1,2, so we have C*+ C
C. Also, ¢,(C) is [36,32,2]linear code. Hence we obtain a quantum code with parameters [[36,28,2]]. This
is a new quantum error correcting code in literature.

Table 1:The Quantum Codes Over A;s4
n fi f2 $2(C) [k, d]]
6 | 1l4cmx + 1 14cmx + w? [12,10,2] [[12,8,2]]
10| 14cm  x° 4+ 4x* + 3 % 14cm x° + 2x* + 2x3 + 2x2 + 2x +{ [20,10,4] [[20,0,4]]
b3+ 2x% +x +4 1

13| 14cm x5 + 3x3 + 2x2 4+ 4emx* +x3 +4x2 +x+ 1 [26,17,4] [[26,8,4]]
4

25| 14cmx + 4 l4cmx + 4 [50,48,2] [[50,46,2]]

36| 14cmx* + 4 l4cmx* + 4 [72,64,2] [[72,56,2]]

40| 14cm  x* +x3 + x2 4 14cm x* + wBx® + wl%? + wix +| [80,72,4] [[80,64,4]]
w’x + w?l 3

14cm x12 + 4x10 + 14cm x12 + 4x10 + 4x7 + x© + x° +| [124,100,9] | [[124,76,9]]
62 Ux7 +x0 + x> +4x*+ Px*+x3+3x%2+4x+1
3 4+ 3x%2 +4x + 1

l4em  x™ +whx™ + 14em  x™ +whBx™ + w?0x13 +
70 w2%x13 + w912 + W19 124 wilyll 4 wo9%10 4 [140,110,14] |[[140,80,14]]
wilxll 4+ w10 4 wiox% + wox8 + wx’ +W3x6+

15 9+w 8 L wx? + w2leS + w7xt + w2Bx3 + whe? +
w3x® + w2lx® +w7x* +wl7x + 1
w23x3 + wix? + wl’x +

1
Table 2:The Quantum Codes Over A, 3
nfh=fR=f=f L=h=fc=/s $2(C) [k, d]]
4 | 14cmx? +1 l4cmx? + 1 [32,16,2] [[32,0,2]]
6 | L4cmx?+w?xx+w | ldcmx? +x+1 [48,32,2] [[48,16,2]]
7 | 14cmx +1 l4cmx® +x2 + 1 [56,40,2] [[56,24,2]]
10| 14cmx + 1 l4cmx? + w? xx + 1 [80,68,2] [[80,56,2]]
19| 14cm x? + wx® +| 14cm x% + wx® + wx® + wx® +| [152,80,8] | [[152,8,8]]
wx® +wx® +w?x*+  wix*+wixd +wix+1
w?x3 + wix + 1
14cm  x'2 + w2x1 4 14cm  x'? + w2x1 + w?x8 + x6 +| [280,184,4] | [[280,88,4]]
35 w2x® + x + wx® + wx5+x4+w2x3+x+1
" +wixd +x+1
l4cmx + 1 14cmx® + x5+ wx +wx + 1 [624,596,2]
78 [[624,568,2]]
91| 14cm x +1 l4cmx + 1 [728,720,2]
[[728,712,2]]

8 Conclusion
In this paper, we have constructed the quantum codes from cyclic codes over the family of finite
rings A,s, where q is prime power. We have given some examples to illustrate the construction of
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quantum codes over A, in which some of our quantum codes [[an,Zk—ZSn, dL]]q are new in

literature. We beleive that cyclic codes over the family of finite rings A, will be a good source for
constructing many good quantum codes.
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