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On Quantum Codes Obtained From Cyclic Codes 

Over Family Of Finite Rings 𝑨𝒒,𝒔 
 

Madhu Kant Thakur 1  
 

Abstract 
 In this paper, we construct the quantum codes from cyclic codes over the family of finite rings 𝐴𝑞,𝑠, 

where 𝑞 is prime power for arbitrary length 𝑛. We obtain self-orthogonal codes over 𝔽𝑞 as gray map of 

linear and cyclic codes over 𝐴𝑞,𝑠. Finally, we determine the parameters of quantum codes over 𝐴𝑞,𝑠 in 

which some of our quantum codes [[2𝑠𝑛, 2𝑘 − 2𝑠𝑛, 𝑑𝐿]]
𝑞

 are new in literature. 

 Keywords. Quantum codes, Finite rings, cyclic codes, Gray map, CSS codes.  

  

1  Introduction 
 Quantum computers have a extraordinary potential to solve very complex problems very quickly 

than any classical computer. It uses quantum mechanical phenomena to perform and compute data. 
Quantum error correction is used in quantum computing to protect quantum information from errors due to 
decoherence and quantum noise. It plays a important role in quantum computation and quantum 
information. 

Shor [4] and independently, Steane [7] were the first to introduce impressive technique for quantum 
error correction. Then a construction method,which is known as CSS construction method, was introduced 
by Calderbank et al. [5] to construct quantum error-correcting codes from classical error correcting codes. 
They found quantum error-correcting codes by transforming the problem of finding quantum error 
correction codes into finding additive codes over the field 𝐹4 which are self-orthogonal. It brings great 
revolution in quantum computing. Many good quantum codes have been constructed since then by using 
classical cyclic codes over binary and non-binary fields with self orthogonal properties(see references 8-14). 
The studies of quantum error correction is mostly on binary codes but later these are generalized to 
non-binary codes in order to relate it with the binary case. For example, Ashikhmin and Knill [12] gave a 𝑞 −
𝑎𝑟𝑦 quantum codes from the self-orthogonal codes over 𝐹𝑞

2 for any prime power q. On the analogs to 

Calderbank-Shor-Steane codes (CSS codes) and of 𝐺𝐹(4) Rains [13] constructed families of quantum codes 
over non-binary fields. 

Many good quantum codes have been constructed by some authors using linear and cyclic codes 
over finite rings. Qian et. al. [3] gave construction method of quantum error correcting codes using cyclic 
codes over 𝐹2 + 𝑢𝐹2, 𝑢2 = 0. Kai and Zhu [2] constructed the quantum codes from linear and cyclic codes 
over 𝐹4 + 𝑢𝐹4, 𝑢2 = 0. Qian [6] introduced a new construction method of quantum codes from cyclic codes 
over 𝐹2 + 𝑣𝐹2, 𝑣2 = 𝑣. Dertli et. al. [1] obtained quantum codes over 𝐴2. Asraf and Mohammad [14] gave 
construction of quantum codes from cyclic codes over 𝐹𝑞 + 𝑢𝐹𝑞 + 𝑣𝐹𝑞 + 𝑢𝑣𝐹𝑞 , 𝑢2 = 𝑢, 𝑣𝑣 = 𝑣, 𝑢𝑣 =

𝑣𝑢,where 𝑞 = 𝑝𝑚, 𝑝 is a odd prime. Abhay Kumar Singh et. al. [15] obtained quantum codes over 𝐹2 +
𝑢𝐹2 + 𝑢2𝐹2, 𝑢3 = 𝑢  
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In this paper we construct quantum error-correcting code over 𝔽𝕢 from cyclic codes over the family 

of finite rings 𝐴𝑞,𝑠 where 𝑠 ≥ 1 and 𝑞 = 𝑝𝑚, where 𝑝 is any prime. We can find many good codes over 

the family of finite rings 𝐴𝑞,𝑠.  

This paper is organized as follows. In Sec. 2, we discuss the structure and some basic knowledge 
about the finite ring 𝐴𝑞,𝑠. In Sec.3 we introduce a generalized form of Gray map 𝜙𝑠 over 𝐴𝑞,𝑠, and we 

show that if 𝐶 is orthogonal then 𝜙𝑠(𝐶). In Sec. 4 we discuss linear and cyclic codes over the ring 𝐴𝑞,𝑠.  

Also we give a necessary and sufficient condition for cyclic code over 𝐴𝑞,𝑠 that contains its dual. In Sec. 5, 

we obtain the parameters of quantum error correcting codes over 𝐴𝑞,𝑠.  Sec. 6 contains some examples.  

2  Preliminaries 
 Define the ring, 
 

   𝐴𝑞,𝑠 =
𝔽𝑞[  𝑣1,𝑣2,…,𝑣𝑠]

⟨𝑣𝑖
2=𝑣𝑖,𝑣𝑖𝑣𝑗=𝑣𝑗𝑣𝑖,∀𝑖,𝑗=1,2,…,𝑠⟩

 

for s≥1 and 𝑞 = 𝑝𝑚  𝑤ℎ𝑒𝑟𝑒  𝑝  𝑖𝑠  𝑎  𝑝𝑟𝑖𝑚𝑒. 

The ring 𝐴𝑞,𝑠 is a finite commutative ring with cardinality 𝑞2𝑠
 and characteristic 𝑞. It is not a local 

ring and not a finite chain ring. It is a semi-local ring with 2𝑠 maximal ideal and a principal ideal ring. 
The ring 𝐴𝑞,𝑠 can be recursively defined as  

 𝐴𝑞,𝑠 = 𝐴𝑞,𝑠−1 + 𝑣𝑠𝐴𝑞,𝑠−1 

. 
For any subset Δ ⊆ {1,2, … , 𝑠}, we define  

 𝑣Δ = ∏𝑖∈Δ 𝑣𝑖 

with 𝑣Δ=𝜙 = 1. 

Then any element of 𝐴𝑞,𝑠 is expressed as  

 ∑Δ⊆{1,2….𝑠} 𝑐Δ𝑣Δ,    𝑐Δ ∈ 𝔽𝑞 

 

A code  𝐶 of length n over 𝐴𝑞,𝑠 is a non-empty subset of 𝐴𝑞,𝑠
𝑛  and a code 𝐶 is linear over 𝐴𝑞,𝑠 

if it is an 𝐴𝑞,𝑠 − 𝑠𝑢𝑏𝑚𝑜𝑑𝑢𝑙𝑒  𝑜𝑓  𝐴𝑞,𝑠
𝑛 .  

A linear code 𝐶  over 𝐴𝑞,𝑠  is a cyclic code if 𝑐 = (𝑐0, 𝑐1, … , 𝑐𝑛−1) ∈ 𝐶  ⇒  𝜎(𝑐) =
(𝑐𝑛−1, 𝑐0, … , 𝑐𝑛−2) ∈ 𝐶. 

A subset 𝐶 of 𝐴𝑞,𝑠
𝑛  is a linear cyclic code of length n if and only if its polynomial representation is 

an ideal of 
𝐴𝑞,𝑠[𝑥]

⟨𝑥𝑛−1⟩
. 

Let 𝐶 be a code of length n over 𝔽𝑞 and a codeword 𝑒 = (𝑒0, 𝑒1, … , 𝑒𝑛−1) ∈   𝔽𝑞
𝑛. Then the 

Hamming weight 𝑤𝑡𝐻(𝑒) of a codeword e is the number of nonzero components i.e.  

𝑤𝑡𝐻(𝑒) = ∑𝑛−1
0 𝑒𝑖  ;   𝑤ℎ𝑒𝑟𝑒  𝑤𝑡𝐻(𝑒𝑖) = 1  𝑖𝑓  𝑒𝑖 = 1  𝑎𝑛𝑑  𝑤𝑡𝐻(𝑒𝑖) = 0  𝑖𝑓  𝑒𝑖 =

0. 
 

The minimum weight of a code 𝐶 is denoted by 𝑤𝑡𝐻(𝐶) and is the smallest weight among all its 
nonzero codewords. 

Hamming distance 𝑑𝐻(𝑒, 𝑒′) between two codewords 𝑒, 𝑒′ ∈ 𝔽𝑞
𝑛 of a code 𝐶 is defined as  

 𝑑𝐻(𝑒, 𝑒′) =   𝑤𝑡𝐻(𝑒 − 𝑒′) 
 

The Hamming distance of 𝐶 is defined by  

 𝑑𝐻(𝐶) = 𝑚𝑖𝑛.  𝑑𝐻(𝑒, 𝑒′); 𝑤ℎ𝑒𝑟𝑒  𝑓𝑜𝑟  𝑎𝑛𝑦  𝑒′ ∈ 𝐶, 𝑒 ≠ 𝑒′ 

3  Gray Map 𝝓𝒔, 𝒔 ≥ 𝟏   over 𝑨𝒒,𝒔 
Since ring 𝐴𝑞,𝑠 can be recursively written as 𝐴𝑞,𝑠 = 𝐴𝑞,𝑠−1 + 𝑣𝑠𝐴𝑞,𝑠−1. So every element of 𝐴𝑞,𝑠 

can be expressed as 

for 𝑘 = 1, 𝑎 + 𝑣1𝑏, 𝑤ℎ𝑒𝑟𝑒  𝑎, 𝑏 ∈ 𝔽𝑞 , and 

for 𝑠 ≥ 2, 𝛼 + 𝑣𝑠𝛽, where 𝛼, 𝛽 ∈ 𝐴𝑞,𝑠−1 

The gray map 𝜙1 from 𝐴𝑞,1
𝑛  to 𝔽𝑞

2𝑛 is defined in terms of vectors as  
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 𝜙1(𝑎′ + 𝑣1𝑏′) = (𝑎′, 𝑎′ + 2𝑏′) 

Where 𝑎′, 𝑏′ ∈ 𝔽𝑞
𝑛  and 𝑓𝑜𝑟  𝑠 ≥ 2, 𝑙𝑒𝑡  𝑐′ = 𝑐1

′ + 𝑣𝑠𝑐2
′ ∈ 𝐴𝑞,𝑠

𝑛 , 𝑤ℎ𝑒𝑟𝑒  𝑐1
′, 𝑐2

′ ∈ 𝐴𝑞,𝑠−1
𝑛    we 

define 𝜙𝑠:  𝐴𝑞,𝑠
𝑛 ⟶ 𝔽𝑞

2𝑠𝑛 by  

 𝜙𝑠(𝑐′) = (𝜙𝑠−1(𝑐1
′)), 𝜙𝑠−1(𝑐1

′) + 2𝜙𝑠−1(𝑐2
′)) 

For any 𝑐′ ∈ 𝐴𝑞,𝑠 , the Lee weight is defined as  

 𝑤𝑡𝐿(𝑐) = 𝑤𝑡𝐻(𝜙𝑠(𝑐)) 

The Lee distance between 𝑥, 𝑦 ∈ 𝐴𝑞,𝑠 is defined as  

 𝑑𝐿(𝑥, 𝑦) = 𝑤𝑡𝐿(𝑥 − 𝑦) 

The Lee distance of 𝐶 is defined by  

 𝑑𝐿(𝐶) = 𝑚𝑖𝑛.  𝑑𝐿(𝑥, 𝑦); 𝑤ℎ𝑒𝑟𝑒  𝑓𝑜𝑟  𝑎𝑛𝑦  𝑦 ∈ 𝐶, 𝑥 ≠ 𝑦 
 

Taking into consideration the definition of the gray map, it is possible to verify the following 
theorem. 

 

Theorem 3.1 The gray map 𝜙𝑠 is a weight preserving map from (𝐴𝑞,𝑠
𝑛   , 𝐿𝑒𝑒  𝑤𝑒𝑖𝑔ℎ𝑡) to 

(𝔽𝑞
2𝑠𝑛, 𝐻𝑎𝑚𝑚𝑖𝑛𝑔  𝑤𝑖𝑔ℎ𝑡) and an isometry from (𝐴𝑞,𝑠

𝑛   , 𝐿𝑒𝑒  𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒) to (𝔽𝑞
2𝑠𝑛,

𝐻𝑎𝑚𝑚𝑖𝑛𝑔  𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒).  

 

Theorem 3.2 If 𝐶 is an (𝑛, 𝑘, 𝑑𝐿) linear code over 𝐴𝑞,𝑠 then 𝜙𝑠(𝐶) is a (2𝑠𝑛, 𝑘, 𝑑) linear code 

over 𝔽𝑞, where 𝑑 = 𝑑𝐿.  

  

Proof. Let 𝛼, 𝛽  ∈   𝐴𝑞,𝑠 , then  

 𝛼 = 𝛼1 + 𝑣𝑠𝛼2 

And  

 𝛽 = 𝛽1 + 𝑣𝑠𝛽2   

Where 𝛼1, 𝛼2, 𝛽1, 𝛽2 ∈ 𝐴𝑞,𝑠−1 So, we have  

 𝜙𝑠(𝛼 + 𝛽) = 𝜙𝑠((𝛼1 + 𝛽1) + 𝑣𝑠(𝛼2 + 𝛽2)) 

 

 = (𝜙𝑠−1(𝛼1 + 𝛽1), 𝜙𝑠−1((𝛼1 + 𝛽1) + (𝛼2 + 𝛽2)) 
 

 = (𝜙𝑠−1(𝛼1) + 𝜙𝑠−1(𝛽1), 𝜙𝑠−1(𝛼1 + 𝛼2) + 𝜙𝑠−1(𝛽1 + 𝛽2)) 

 

 = (𝜙𝑠−1(𝛼1),    𝜙𝑠−1(𝛼1 + 𝛼2)) + (𝜙𝑠−1(𝛽1), 𝜙𝑠−1(𝛽1 + 𝛽2)) 

 

 = (𝜙𝑠−1(𝛼1), 𝜙𝑠−1(𝛼1) + 𝜙𝑠−1(𝛼2)) + (𝜙𝑠−1(𝛽1), 𝜙𝑠−1(𝛽1) + 𝜙𝑠−1(𝛽2)) 

 

 = 𝜙𝑠(𝛼) + 𝜙𝑠(𝛽) 

And,  

 𝜙𝑠(𝜏𝛼) = (𝜙𝑠−1(𝜏𝛼1), 𝜙𝑠−1(𝜏𝛼1) + 𝜙𝑠−1(𝜏𝛼2)) 

 

 =   (𝜏𝜙𝑠−1(𝛼1), 𝜏(𝜙𝑠−1(𝛼1) + 𝜙𝑠−1(𝛼2))) 

 

 = 𝜏(𝜙𝑠−1(𝛼1), 𝜙𝑠−1(𝛼1) + 𝜙𝑠−1(𝛼2)) 

 

 = 𝜏𝜙𝑠(𝛼) 

Hence, the map 𝜙𝑠 is linear. Since, 𝜙𝑠 is a bijection therefore we have |𝐶| = |𝜙𝑠(𝐶)|. So we have, 𝑑 =
𝑑𝐿.  

 

Theorem 3.3 Let 𝐶 be a linear code of length n over 𝐴𝑞,𝑠. If 𝐶 is an Eclidean self-orthogonal, then 

𝜙𝑠(𝐶) is also.  
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Proof. For s=1, 
Let 𝑎 = 𝑎1 + 𝑣1𝑎2, 𝑏 = 𝑏1 + 𝑣1𝑏2 ∈ 𝐶, 𝑤ℎ𝑒𝑟𝑒  𝑎1, 𝑎2, 𝑏1, 𝑏2 ∈ 𝔽𝑞

𝑛 

Now , we have  

 𝑎 ⋅ 𝑏 = (𝑎1 + 𝑣1𝑎2) ⋅ (𝑏1 + 𝑣1𝑏2) 
 

 = 𝑎1𝑏1 + 𝑣1(𝑎1𝑏2 + 𝑎2𝑏1 + 𝑎2𝑏2) 

Since 𝐶 is self-orthogonal so we have,  

 𝑎1𝑏1 = 0  𝑎𝑛𝑑  (𝑎1𝑏2 + 𝑎2𝑏1 + 𝑎2𝑏2) = 0 

So,  

 𝜙1(𝑎) ⋅ 𝜙1(𝑏) = (𝑎1, 𝑎1 + 𝑎2) ⋅ (𝑏1, 𝑏1 + 𝑏2) 

= 𝑎1𝑏1 + 𝑎1𝑏1 + 𝑎1𝑏2 + 𝑎2𝑏1 + 𝑎2𝑏2 = 0 Hence, 𝜙1(𝐶)𝑖𝑠  𝑠𝑒𝑙𝑓 − 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. Thus, the theorem is 
true for 𝑠 = 1. Suppose theorem is true for 𝑠 = 𝑚 − 1, so we have 𝑓𝑜𝑟  𝑎𝑛𝑦  𝑥, 𝑦  ∈ 𝐶  

 𝑥 ⋅ 𝑦 = 0 ⇒   𝜙𝑚−1(𝑥) ⋅   𝜙𝑚−1(𝑦) = 0 

Now, suppose 𝑠 = 𝑚, then let 𝑎′ = 𝑎1
′ + 𝑣𝑚𝑎2

′ , 𝑏′ = 𝑏1
′ + 𝑣𝑚𝑏2

′ ∈ 𝐶, 𝑤ℎ𝑒𝑟𝑒  𝑎1
′, 𝑎2

′, 𝑏1
′, 𝑏2

′ ∈
  𝐴𝑞,𝑚−1

𝑛   

 𝑎′ ⋅ 𝑏′ = 0 
 

 ⇒ (𝑎1
′ + 𝑣𝑚𝑎2

′) ⋅ (𝑏1
′ + 𝑣𝑚𝑏2

′) = 0 
 

 ⇒ 𝑎1
′ ⋅   𝑏2

′ = 0  𝑎𝑛𝑑𝑎1
′𝑏2

′ + 𝑎2
′𝑏1

′ + 𝑎2
′𝑏2

′ = 0   
 

 ⇒   𝜙𝑚−1(𝑎1
′) ⋅   𝜙𝑚−1(𝑏1

′) = 0 

and 

  𝜙𝑚−1(𝑎1
′) ⋅   𝜙𝑚−1(𝑏2

′) +   𝜙𝑚−1(𝑎2
′) ⋅   𝜙𝑚−1(𝑏1

′) +   𝜙𝑚−1(𝑎2
′) ⋅   𝜙𝑚−1(𝑏2

′) = 0 
 

𝑆𝑜, 𝜙𝑚(𝑎′) ⋅ 𝜙𝑚(𝑏′) = (𝜙𝑚−1(𝑎1
′)), 𝜙𝑚−1(𝑎1

′) + 𝜙𝑚−1(𝑎2
′)) ⋅ (𝜙𝑚−1(𝑏′)), 𝜙𝑚−1(𝑏1

′) +

𝜙𝑚−1(𝑏2
′)) 

 

=   𝜙𝑚−1(𝑎1
′) ⋅   𝜙𝑚−1(𝑏1

′) +   𝜙𝑚−1(𝑎1
′) ⋅   𝜙𝑚−1(𝑏1

′) + 𝜙𝑚−1(𝑎1
′) ⋅   𝜙𝑚−1(𝑏2

′) +
  𝜙𝑚−1(𝑎2

′) ⋅   𝜙𝑚−1(𝑏1
′) +   𝜙𝑚−1(𝑎2

′) ⋅   𝜙𝑚−1(𝑏2
′) 

 

 = 0 

Therefore, 𝜙𝑚(𝐶) is self-orthogonal. Thus, theorem is true ∀𝑠 ∈ 𝑁.  

  

4  Linear and cyclic codes over 𝑨𝒒,𝒔 
 We have for any Δ ⊆ {1,2, … , 𝑠}, 𝑣Δ = ∏𝑖∈Δ 𝑣𝑖.  

with 𝑣Δ=𝜙 = 1. 

Let  

 𝜀𝑖 = 𝑣Δ′(∑Δ⊆{1,2….𝑠}/Δ′ (−1)𝑙𝑣Δ  ); 𝑓𝑜𝑟  𝑖 = 1,2,3, … , 2𝑠 

 

Where 𝑙 is number of element in Δ and Δ′ is some Δ different for each 𝑖. 
It can be easily observed that  

𝜀𝑖
2 = 𝜀𝑖  , 𝜀𝑖𝜀𝑗 = 0  𝑎𝑛𝑑  ∑2𝑠

𝑖=1 𝜀𝑖 = 1, 𝑤ℎ𝑒𝑟𝑒  𝑖, 𝑗 = 1,2,3, … , 2𝑠𝑎𝑛𝑑  𝑖 ≠ 𝑗. 

 

We have 𝐴𝑞,𝑠 =⊕  𝜀𝑖𝐴𝑞,𝑠; 𝑓𝑜𝑟  𝑖 = 1,2,3, … , 2𝑠. 

Also we can easily observed that 𝜀𝑖𝐴𝑞,𝑠 ≅ 𝔽𝑞;   ∀𝑖 = 1,2,3, … , 2𝑠. So, we have 𝐴𝑞,𝑠 = ∑2𝑠

𝑖=1 𝜀𝑖𝔽𝑞  

Therefore we can express any 𝑎 ∈ 𝐴𝑞,𝑠 uniquely as 𝑎 = ∑2𝑠

𝑖=1 𝜀𝑖𝑎𝑖, 𝑤ℎ𝑒𝑟𝑒  𝑎𝑖 ∈ 𝔽𝑞 , 𝑓𝑜𝑟  𝑖 =

1,2,3, … , 2𝑠  

Let  𝐵𝑖, 𝑖 = 1,2,3, … , 2𝑠 be codes over 𝔽𝑞 , We denote  
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 ⊕ 𝐵𝑖 = {∑2𝑠

𝑖=1 𝑏𝑖: 𝑏𝑖 ∈ 𝐵𝑖, 𝑖 = 1,2,3, … , 2𝑠}, 𝑓𝑜𝑟  𝑖 = 1,2,3, … , 2𝑠 

 

Definition 1 Let 𝛿 = ∑2𝑠

𝑖=1 𝜀𝑖𝑎𝑖
′; 𝑎𝑖

′ ∈ 𝔽𝑞
𝑛. Let 𝐶 be a linear code of length 𝑛 over 𝐴𝑞,𝑠, we define  

 𝐶𝑖 = {𝑎𝑖 ∈ 𝔽𝑞
𝑛: ∃𝑎𝑗 ∈ 𝔽𝑞

𝑛  , ∀𝑗(≠ 𝑖) ∈ {1,2,3, … , 2𝑠}, 𝛿 ∈ 𝐶}, 𝑖 = 1,2,3, … , 2𝑠. 
 

 𝐶𝑖(𝑓𝑜𝑟  𝑖 = 1,2,3, … , 2𝑠) are linear code of length 𝑛 over 𝔽𝑞 . 

Also, we have 𝐶 =  ⊕  𝜀𝑖𝐶𝑖; 𝑓𝑜𝑟  𝑖 = 1,2,3, … , 2𝑠  ,with |𝐶| = |𝐶1|  |𝐶2| … |𝐶2𝑠|  and 
𝑑𝐿(𝐶) = 𝑚𝑖𝑛. {𝑑𝐻(𝐶𝑖),    𝑖 = 1,2,3, … , 2𝑠} If 𝐺𝑖 are the generator matrices of 𝑞 − 𝑎𝑟𝑦 linear codes 
𝐶𝑖(  𝑖 = 1,2,3, … , 2𝑠) then the generator matrix of 𝐶 is given by  

 𝐺 = [𝜀𝑖𝐺𝑖]𝑖×1; (  𝑖 = 1,2,3, … , 2𝑠) 
 

And the generator matrix of 𝜙(𝐶) is given by  

 𝜙(𝐺) =   [𝜙(𝜀𝑖𝐺𝑖)]𝑖×1; (  𝑖 = 1,2,3, … , 2𝑠) 

To determine the parameters of related quantum codes, we now provide some results on cyclic codes over 
R. These findings are particular instances of those found by Yao et al. in [16].  

Theorem 4.1 If 𝐶 =  ⊕  𝜀𝑖𝐶𝑖; (  𝑖 = 1,2,3, … , 2𝑠) be a cyclic code of length 𝑛 over 𝐴𝑞,𝑠 then 

𝐶⊥ =  ⊕  𝜀𝑖𝐶𝑖
⊥; (  𝑖 = 1,2,3, … , 2𝑠). Moreover, 𝐶 is self-orthogonal code over 𝐴𝑞,𝑠 if and only if 𝐶𝑖 

are self-orthogonal ∀  𝑖 = 1,2,3, … , 2𝑠.  

  

Lemma 4.2 If   𝐶 =  ⊕  𝜀𝑖𝐶𝑖; (  𝑖 = 1,2,3, … , 2𝑠) be a linear code of length 𝑛 over 𝐴𝑞,𝑠 

then 𝐶 is cyclic code over 𝐴𝑞,𝑠 if and only if 𝐶𝑖(  𝑖 = 1,2,3, … , 2𝑠) are cyclic codes over 𝔽𝑞 .   

Lemma 4.3 If     𝐶 =  ⊕  𝜀𝑖𝐶𝑖; (  𝑖 = 1,2,3, … , 2𝑠) be a cyclic code of length 𝑛 over 𝐴𝑞,𝑠, 

then  

 𝐶 = ⟨𝑓𝑖(𝑥), (  𝑖 = 1,2,3, … , 2𝑠)  ⟩ 
Where 𝑓𝑖(𝑥)  are generator polynomials of 𝐶𝑖 , (  𝑖 = 1,2,3, … , 2𝑠)𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦,  𝐴𝑛𝑑, |𝐶| =

𝑞2𝑠𝑛−(∑2𝑠

𝑖=1 deg(𝑓𝑖(𝑥))  ).  
  

Lemma 4.4 If     𝐶 =  ⊕  𝜀𝑖𝐶𝑖; (  𝑖 = 1,2,3, … , 2𝑠) be any cyclic code of length 𝑛 over 
𝐴𝑞,𝑠 then there exist a unique polynomial 𝑓(𝑥) such that 𝐶 = ⟨𝑓(𝑥)⟩ and 𝑓(𝑥)|𝑥𝑛 − 1 where 𝑓(𝑥) =

∑2𝑠

𝑖=1 𝜀𝑖𝑓𝑖: 𝑓𝑖(𝑥) are generator polynomials of 𝐶𝑖, (  𝑖 = 1,2,3, … , 2𝑠) respectively.  

  

Lemma 4.5 Let 𝐶 =  ⊕  𝜀𝑖𝐶𝑖; (  𝑖 = 1,2,3, … , 2𝑠) be a cyclic code of length 𝑛 over 𝐴𝑞,𝑠, 

where 𝐶𝑖(𝑖 = 1,2,3, … , 2𝑠) are 𝑞 − 𝑎𝑟𝑦 codes. Then  

 𝐶⊥ = ⟨𝜀𝑖ℎ𝑖
∗; (𝑖 = 1,2,3, … , 2𝑠)⟩ 

And  

 |𝐶⊥| = 𝑞∑2𝑠

𝑖=1 deg(𝑓𝑖(𝑥)) 

Where for ℎ𝑖
∗(𝑥)  are the reciprocal polynomials of ℎ𝑖(𝑥) = (𝑥𝑛 − 1)  /𝑓𝑖(𝑥), 𝑖. 𝑒., ℎ𝑖

∗(𝑥) =

𝑥deg(ℎ𝑖(𝑥))  ℎ𝑖(𝑥−1), 𝑓𝑜𝑟  𝑖 = 1,2,3, … , 2𝑠.  

 The necessary and sufficient condition for cyclic codes to be self-orthogonal over 𝐹𝑝𝑚 is described 

by the following lemma:  

Lemma 4.6 [17] A 𝑞 − 𝑎𝑟𝑦 linear cyclic code 𝐶 with generator polynomial 𝑓(𝑥) contains its dual 
code if and only if 𝑥𝑛 − 1 ≡ 0(𝑚𝑜𝑑 𝑓𝑓∗) where 𝑓∗ denotes the reciprocal polynomial of 𝑓.   

5  QUANTUM CODES FROM CYCLIC CODES OVER 𝑨𝒒,𝒌  
For any 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛), 𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑛) ∈ 𝐴𝑞,𝑠

𝑛  the Euclidean inner product of 𝑥 and 𝑦 

in 𝐴𝑞,𝑠
𝑛  is defined by  

 ⟨𝑥, 𝑦⟩𝐸 = 𝑥1𝑦1 + 𝑥2𝑦2 + ⋯ + 𝑥𝑛𝑦𝑛 

Then 𝑥 and 𝑦 are said to be orthogonal if ⟨𝑥, 𝑦⟩𝐸 = 0. 
The dual code 𝐶⊥𝐸  of 𝐶 is defined by  

 𝐶⊥ = {𝑥 ∈  ∈ 𝐴𝑞,𝑠
𝑛 |  ⟨𝑥, 𝑦⟩𝐸   ∀  𝑦 ∈ 𝐶  } 

http://www.ijcrt.org/


www.ijcrt.org                                © 2025 IJCRT | Volume 13, Issue 2 February 2025 | ISSN: 2320-2882 

IJCRT2502294 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org c515 
 

Which is again a linear code of length n over 𝐴𝑞,𝑠
𝑛 . 

If 𝐶 ⊆   𝐶⊥𝐸  then code 𝐶 is called self-orthogonal and if 𝐶 = 𝐶⊥𝐸  then 𝐶 is self dual. 
One important lemma for quantum error-correcting codes, or CSS construction, is as follows:  

Lemma 5.1 [9] Let 𝐶1 and 𝐶2 be two linear codes over 𝔽𝑞 with parameters [𝑛, 𝑘1, 𝑑1]𝑞 and 

[𝑛, 𝑘2, 𝑑2]𝑞 respectively and 𝐶2
⊥𝐸 ⊆ 𝐶1. Then an [[𝑛, 𝑘1 + 𝑘2 − 𝑛, 𝑑]]

𝑞
 quantum code can be constructed, 

where 𝑑 = 𝑚𝑖𝑛. {𝑤𝑡(𝑣): 𝑣 ∈ ((𝐶1\𝐶2
⊥𝐸) ∪ (𝐶2\𝐶1

⊥𝐸))} ≥ 𝑚𝑖𝑛. {𝑑1, 𝑑2} In particular, if 𝐶1
⊥𝐸 ⊆ 𝐶1, then 

there exist an [[𝑛, 2𝑘1 − 𝑛, 𝑑1]]
𝑞

 quantum code, where 𝑑1 = 𝑚𝑖𝑛. {𝑤𝑡(𝑣): 𝑣 ∈ 𝐶1\𝐶1
⊥𝐸}.  

 For cyclic codes over 𝐴𝑞,𝑠 that contain its dual, we now provide a necessary and sufficient 

condition.  

Theorem 5.2 Let 𝐶 = ⟨𝑓(𝑥)⟩ be a cyclic code of arbitrary length 𝑛 over 𝐴𝑞,𝑠 where 𝑓(𝑥) =

∑2𝑠

𝑖=1 𝜀𝑖𝑓𝑖(𝑥). Then, 𝐶⊥𝐸 ⊆ 𝐶 if and only if 𝑥𝑛 − 1 ≡ 0(𝑚𝑜𝑑𝑓𝑖𝑓𝑖
∗)𝑓𝑜𝑟  𝑖 = 1,2,3, … , 2𝑠𝑤ℎ𝑒𝑟𝑒 𝑓𝑖

∗ 
denotes the reciprocal polynomial of 𝑓𝑖, respectively 𝑓𝑜𝑟  𝑖 = 1,2, … . , 2𝑠.  

  

Corollary 5.3 If     𝐶 =  ⊕  𝜀𝑖𝐶𝑖; (  𝑖 = 1,2,3, … , 2𝑠) be any cyclic code of length 𝑛 over 

𝐴𝑞,. Then 𝐶⊥ ⊆ 𝐶 if and only if 𝐶𝑖
⊥𝐸 ⊆ 𝐶𝑖, 𝑓𝑜𝑟  𝑖 = 1,2,3, … , 2𝑠 .  

 Now by using Lemma 5.1 and Theorem 5.2, one can construct quantum codes as follows:  

Theorem 5.4 Let    𝐶 =  ⊕  𝜀𝑖𝐶𝑖; (  𝑖 = 1,2,3, … , 2𝑠) be a cyclic code of length 𝑛 over 

𝐴𝑞,𝑠. If 𝐶𝑖
⊥𝐸 ⊆ 𝐶𝑖, (  𝑖 = 1,2,3, … , 2𝑠), then 𝐶⊥𝐸 ⊆ 𝐶 and there exists a quantum code with parameters 

[[2𝑠𝑛, 2𝑘 − 2𝑠𝑛, 𝑑𝐿]]
𝑞

 where 𝑑𝐿 is the minimum Lee weight of the code 𝐶 and 𝑘 is the dimension of the 

code 𝜙(𝐶).  

  

6  Examples 
 Now we provide the following examples which demonstrate the usefulness of our result:  

Example 6.1 Let 𝐴8,1 =
𝔽8[  𝑣1]

⟨𝑣1
2=𝑣1⟩

 and let 𝑛 = 7.  

𝑥7 − 1 = (𝑥 + 1)(𝑥 + 𝑤)(𝑥 + 𝑤2)(𝑥 + 𝑤3)(𝑥 + 𝑤4)(𝑥 + 𝑤5)(𝑥 + 𝑤6)  in 𝔽8[𝑥] .Let 𝑓1(𝑥) =
𝑓2(𝑥) = 𝑥3 + 𝑤4𝑥2 + 𝑥 + 𝑤2.  

Then, 𝐶𝑖 = ⟨𝑓𝑖(𝑥)⟩,𝑖 = 1,2 are the cyclic codes over 𝔽8 having the parameters [7,4,4].  

Thus, 
 𝐶 = ⟨𝜀𝑖𝑓𝑖(𝑥)⟩, 𝑖 = 1,2 

 

is a cyclic code of length 7 over 𝐴8,1. Since 𝑓𝑖𝑓𝑖
∗ divide 𝑥7 − 1 for 𝑖 = 1,2, so we have 𝐶⊥ ⊆ 𝐶. 

Also, 𝜙1(𝐶) is [14,8,4]linear code. Hence we obtain a quantum code with parameters [[14,2,4]].This is a 
new quantum error correcting code in literature.  

Example 6.2 Let 𝐴2,5 =
𝔽2[  𝑣1,𝑣2,…,𝑣5]

⟨𝑣𝑖
2=𝑣𝑖,𝑣𝑖𝑣𝑗=𝑣𝑗𝑣𝑖,∀𝑖,𝑗=1,2,…,5⟩

 and let 𝑛 = 4.  

𝑥4 − 1 = (𝑥 + 1)4  in 𝔽2[𝑥] .Let 𝑓1(𝑥) = 𝑓3(𝑥) = 𝑓5(𝑥) = 𝑓7(𝑥) = 𝑓9(𝑥) = 𝑓11(𝑥) = 𝑓13(𝑥) =
𝑓15(𝑥) = 𝑓17(𝑥) = 𝑓19(𝑥) = 𝑓21(𝑥) = 𝑓23(𝑥) = 𝑓25(𝑥) = 𝑓27(𝑥) = 𝑓29(𝑥) = 𝑓31(𝑥) = 𝑓2(𝑥) = 𝑓4(𝑥) =
𝑓6(𝑥) = 𝑓8(𝑥) = 𝑓10(𝑥) = 𝑓12(𝑥) = 𝑓14(𝑥) = 𝑓16(𝑥) = 𝑓18(𝑥) = 𝑓20(𝑥) = 𝑓22(𝑥) = 𝑓24(𝑥) = 𝑓26(𝑥) =
𝑓28(𝑥) = 𝑓30(𝑥) = 𝑓32(𝑥) = (𝑥 + 1).  

Then, 𝐶𝑖 = ⟨𝑓𝑖(𝑥)⟩,𝑖 = 1,2, . . .32 are the cyclic codes over 𝔽2 having the parameters [4,3,2].  

Thus, 
 𝐶 = ⟨𝜀𝑖𝑓𝑖(𝑥)⟩, 𝑖 = 1,2, . . . ,32 

 

is a cyclic code of length 4 over 𝐴2,5. Since 𝑓𝑖𝑓𝑖
∗ divide 𝑥4 − 1 for 𝑖 = 1,2, . . . ,32, so we have 

𝐶⊥ ⊆ 𝐶 . Also, 𝜙5(𝐶)  is [128,96,2]linear code. Hence we obtain a quantum code with parameters 
[[128,64,2]]. This is a new quantum error correcting code in literature.   

Example 6.3 Let 𝐴4,2 =
𝔽4[  𝑣1,𝑣2,]

⟨𝑣𝑖
2=𝑣𝑖,𝑣𝑖𝑣𝑗=𝑣𝑗𝑣𝑖,∀𝑖,𝑗=1,2⟩

 and let 𝑛 = 27.  
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𝑥27 − 1 = (𝑥 + 1)(𝑥 + 𝑤)(𝑥 + 𝑤2)(𝑥3 + 𝑤)(𝑥3 + 𝑤2)(𝑥9 + 𝑤)(𝑥9 + 𝑤2) in 𝔽4[𝑥].  

Let 𝑓1(𝑥) = 𝑓3(𝑥) = 𝑓2(𝑥) = 𝑥 + 𝑤 and  

𝑓4(𝑥) = 𝑥3 + 𝑤  

Then, 𝐶𝑖 = ⟨𝑓𝑖(𝑥)⟩,𝑖 = 1,2,3,4 are the cyclic codes over 𝔽4 having the parameters [27,24,2].  

Thus, 
 𝐶 = ⟨𝜀𝑖𝑓𝑖(𝑥)⟩, 𝑖 = 1,2,3,4 

 

is a cyclic code of length 27 over 𝐴4,2. Since 𝑓𝑖𝑓𝑖
∗ divide 𝑥27 − 1 for 𝑖 = 1,2,3,4, so we have 𝐶⊥ ⊆

𝐶. Also, 𝜙2(𝐶) is [108,102,2]linear code. Hence we obtain a quantum code with parameters [[108,96,2]]. 
This is a new quantum error correcting code.   

Example 6.4 Let 𝐴3,4 =
𝔽3[  𝑣1,𝑣2,𝑣3,𝑣4]

⟨𝑣𝑖
2=𝑣𝑖,𝑣𝑖𝑣𝑗=𝑣𝑗𝑣𝑖,∀𝑖,𝑗=1,2,3,4⟩

 and let 𝑛 = 9.  

𝑥9 − 1 = (2 + 𝑥)9  in 𝔽3[𝑥] .Let 𝑓1(𝑥) = 𝑓3(𝑥) = 𝑓5(𝑥) = 𝑓7(𝑥) = 𝑓9(𝑥) = 𝑓11(𝑥) = 𝑓13(𝑥) =
𝑓15(𝑥) = 𝑓2(𝑥) = 𝑓4(𝑥) = 𝑓6(𝑥) = 𝑓8(𝑥) = 𝑓10(𝑥) = 𝑓12(𝑥) = 𝑓14(𝑥) = 𝑓16(𝑥) = (2 + 𝑥).  

Then, 𝐶𝑖 = ⟨𝑓𝑖(𝑥)⟩,𝑖 = 1,2, . . .16 are the cyclic codes over 𝔽3 having the parameters [9,8,2].  

Thus, 
 𝐶 = ⟨𝜀𝑖𝑓𝑖(𝑥)⟩, 𝑖 = 1,2, . . . ,16 

 

is a cyclic code of length 9 over 𝐴3,4. Since 𝑓𝑖𝑓𝑖
∗ divide 𝑥9 − 1 for 𝑖 = 1,2, . . . ,16, so we have 

𝐶⊥ ⊆ 𝐶 . Also, 𝜙4(𝐶) is [144,128,2]linear code. Hence we obtain a quantum code with parameters 
[[144,112,2]]. This is a new quantum error correcting code in literature.  

Example 6.5 Let 𝐴9,3 =
𝔽9[  𝑣1,𝑣2,𝑣3]

⟨𝑣𝑖
2=𝑣𝑖,𝑣𝑖𝑣𝑗=𝑣𝑗𝑣𝑖,∀𝑖,𝑗=1,2,3⟩

 and let 𝑛 = 8.  

𝑥8 − 1 = (1 + 𝑥)(2 + 𝑥)(𝑥 + 𝑤)(𝑥 + 𝑤2)(𝑥 + 𝑤3)(𝑥 + 𝑤3)(𝑥 + 𝑤6)(𝑥 + 𝑤7)  in 𝔽9[𝑥] .where 
𝛼2 + 1 = 0  

Let 𝑓1(𝑥) = 𝑓3(𝑥) = 𝑓5(𝑥) = 𝑓7(𝑥) = 𝑓2(𝑥) = 𝑓4(𝑥) = 𝑓6(𝑥) = 𝑓8(𝑥)) = (𝑥3 + 𝑤5 ∗ 𝑥2 + 𝑤3 ∗ 𝑥 +
𝑤2).  

Then, 𝐶𝑖 = ⟨𝑓𝑖(𝑥)⟩,𝑖 = 1,2, . . .8 are the cyclic codes over 𝔽9 having the parameters [8,5,4].  

Thus, 
 𝐶 = ⟨𝜀𝑖𝑓𝑖(𝑥)⟩, 𝑖 = 1,2, . . . ,8 

 

is a cyclic code of length 8 over 𝐴9,3.Since 𝑓𝑖𝑓𝑖
∗ divide 𝑥8 − 1 for 𝑖 = 1,2, . . . ,8, so we have 𝐶⊥ ⊆

𝐶. Also, 𝜙3(𝐶) is [64,40,4]linear code. Hence we obtain a quantum code with parameters [[64,16,4]].  

  

Example 6.6 Let 𝐴5,4 =
𝔽5[  𝑣1,𝑣2,𝑣3,𝑣4]

⟨𝑣𝑖
2=𝑣𝑖,𝑣𝑖𝑣𝑗=𝑣𝑗𝑣𝑖,∀𝑖,𝑗=1,2,3,4⟩

 and let 𝑛 = 11.  

𝑥11 − 1 = (4 + 𝑥)(4 + 𝑥 + 𝑥2 + 4𝑥3 + 2𝑥4 + 𝑥5)(4 + 3𝑥 + 𝑥2 + 4𝑥3 + 4𝑥4 + 𝑥5)  in 𝔽5[𝑥] .Let 
𝑓1(𝑥) = 𝑓3(𝑥) = 𝑓5(𝑥) = 𝑓7(𝑥) = 𝑓9(𝑥) = 𝑓11(𝑥) = 𝑓13(𝑥) = 𝑓15(𝑥) = (4 + 3𝑥 + 𝑥2 + 4𝑥3 + 4𝑥4 +
𝑥5)𝑎𝑛𝑑𝑓2(𝑥) = 𝑓4(𝑥) = 𝑓6(𝑥) = 𝑓8(𝑥) = 𝑓10(𝑥) = 𝑓12(𝑥) = 𝑓14(𝑥) = 𝑓16(𝑥) = (4 + 𝑥 + 𝑥2 + 4𝑥3 +
2𝑥4 + 𝑥5).  

Then, 𝐶𝑖 = ⟨𝑓𝑖(𝑥)⟩,𝑖 = 1,2, . . .16 are the cyclic codes over 𝔽5 having the parameters [11,9,5].  

Thus, 
 𝐶 = ⟨𝜀𝑖𝑓𝑖(𝑥)⟩, 𝑖 = 1,2, . . . ,16 

 

is a cyclic code of length 4 over 𝐴5,4. Since 𝑓𝑖𝑓𝑖
∗ divide 𝑥11 − 1 for 𝑖 = 1,2, . . . ,16, so we have 

𝐶⊥ ⊆ 𝐶 . Also, 𝜙4(𝐶) is [176,144,5]linear code. Hence we obtain a quantum code with parameters 
[[176,106,5]]. This is a new quantum error correcting code in literature.  

Example 6.7 Let 𝐴25,1 =
𝔽25[  𝑣1]

⟨𝑣1
2=𝑣1⟩

 and let 𝑛 = 15.  

𝑥18 − 1 = (𝑥 + 1)(𝑥 + 4)(𝑥 + 𝑤4)(𝑥 + 𝑤8)(𝑥 + 𝑤16)(𝑥 + 𝑤20)(𝑥3 + 𝑤4)(𝑥3 + 𝑤8)(𝑥3 +
𝑤16)(𝑥3 + 𝑤20) in 𝔽25[𝑥].Let 𝑓1(𝑥) = (𝑥 + 𝑤16)𝑎𝑛𝑑𝑓2(𝑥) = (𝑥3 + 𝑤4).  

Then, 𝐶𝑖 = ⟨𝑓𝑖(𝑥)⟩,𝑖 = 1,2 are the cyclic codes over 𝔽25 having the parameters [15,12,2].  
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Thus, 
 𝐶 = ⟨𝜀𝑖𝑓𝑖(𝑥)⟩, 𝑖 = 1,2 

 

is a cyclic code of length 18 over 𝐴25,1. Since 𝑓𝑖𝑓𝑖
∗ divide 𝑥18 − 1 for 𝑖 = 1,2, so we have 𝐶⊥ ⊆

𝐶. Also, 𝜙1(𝐶) is [36,32,2]linear code. Hence we obtain a quantum code with parameters [[36,28,2]]. This 
is a new quantum error correcting code in literature.  

   

Table  1: The Quantum Codes Over 𝐴25,1 

  𝑛   𝑓1   𝑓2   𝜙2(𝐶)   [[𝑛, 𝑘, 𝑑]]  
 6   14cm𝑥 + 1   14cm𝑥 + 𝑤4   [12,10,2]   [[12,8,2]]  

 10   14cm 𝑥5 + 4𝑥4 + 3 ∗
𝑥3 + 2𝑥2 + 𝑥 + 4  

 14cm 𝑥5 + 2𝑥4 + 2𝑥3 + 2𝑥2 + 2𝑥 +
1  

 [20,10,4]   [[20,0,4]]  

 13   14cm 𝑥5 + 3𝑥3 + 2𝑥2 +
4  

 14cm𝑥4 + 𝑥3 + 4𝑥2 + 𝑥 + 1   [26,17,4]   [[26,8,4]]  

 25   14cm𝑥 + 4   14cm𝑥 + 4   [50,48,2]   [[50,46,2]]  

 36   14cm𝑥4 + 4   14cm𝑥4 + 4   [72,64,2]   [[72,56,2]]  

 40   14cm 𝑥4 + 𝑥3 + 𝑥2 +
𝑤7𝑥 + 𝑤21  

 14cm 𝑥4 + 𝑤8𝑥3 + 𝑤10𝑥2 + 𝑤5𝑥 +
3  

 [80,72,4]   [[80,64,4]]  

  
62  

 14cm 𝑥12 + 4𝑥10 +
4𝑥7 + 𝑥6 + 𝑥5 + 4𝑥4 +
𝑥3 + 3𝑥2 + 4𝑥 + 1  

 14cm 𝑥12 + 4𝑥10 + 4𝑥7 + 𝑥6 + 𝑥5 +
4𝑥4 + 𝑥3 + 3𝑥2 + 4𝑥 + 1  

 [124,100,9]   [[124,76,9]]  

  
70  

 14cm  𝑥15 + 𝑤13𝑥14 +
𝑤20𝑥13 + 𝑤19𝑥12 +
𝑤11𝑥11 + 𝑤9𝑥10 +
𝑤15𝑥9 + 𝑤5𝑥8 + 𝑤𝑥7 +
𝑤3𝑥6 + 𝑤21𝑥5 + 𝑤7𝑥4 +
𝑤23𝑥3 + 𝑤4𝑥2 + 𝑤17𝑥 +
1  

 14cm  𝑥15 + 𝑤13𝑥14 + 𝑤20𝑥13 +
𝑤19𝑥12 + 𝑤11𝑥11 + 𝑤9𝑥10 +
𝑤15𝑥9 + 𝑤5𝑥8 + 𝑤𝑥7 + 𝑤3𝑥6 +
𝑤21𝑥5 + 𝑤7𝑥4 + 𝑤23𝑥3 + 𝑤4𝑥2 +
𝑤17𝑥 + 1  

 
[140,110,14]  

 
[[140,80,14]]  

   
 

Table  2: The Quantum Codes Over 𝐴4,3 

  𝑛   𝑓1 = 𝑓3 = 𝑓5 = 𝑓7   𝑓2 = 𝑓4 = 𝑓6 = 𝑓8   𝜙2(𝐶)   [[𝑛, 𝑘, 𝑑]]  
 4   14cm𝑥2 + 1   14cm𝑥2 + 1   [32,16,2]   [[32,0,2]]  

 6   14cm𝑥2 + 𝑤2 ∗ 𝑥 + 𝑤   14cm𝑥2 + 𝑥 + 1   [48,32,2]   [[48,16,2]]  

 7   14cm𝑥 + 1   14cm𝑥3 + 𝑥2 + 1   [56,40,2]   [[56,24,2]]  

 10   14cm𝑥 + 1   14cm𝑥2 + 𝑤2 ∗ 𝑥 + 1   [80,68,2]   [[80,56,2]]  

 19   14cm 𝑥9 + 𝑤𝑥8 +
𝑤𝑥6 + 𝑤𝑥5 + 𝑤2𝑥4 +
𝑤2𝑥3 + 𝑤2𝑥 + 1  

 14cm 𝑥9 + 𝑤𝑥8 + 𝑤𝑥6 + 𝑤𝑥5 +
𝑤2𝑥4 + 𝑤2𝑥3 + 𝑤2𝑥 + 1  

 [152,80,8]   [[152,8,8]]  

  
35  

 14cm 𝑥12 + 𝑤2𝑥11 +
𝑤2𝑥8 + 𝑥6 + 𝑤𝑥5 +
𝑥4 + 𝑤2𝑥3 + 𝑥 + 1  

 14cm 𝑥12 + 𝑤2𝑥11 + 𝑤2𝑥8 + 𝑥6 +
𝑤𝑥5 + 𝑥4 + 𝑤2𝑥3 + 𝑥 + 1  

 [280,184,4]   [[280,88,4]]  

  
78  

 14cm𝑥 + 1   14cm𝑥6 + 𝑥5 + 𝑤𝑥3 + 𝑤𝑥 + 1   [624,596,2]   
[[624,568,2]]  

 91   14cm 𝑥 + 1   14cm𝑥 + 1   [728,720,2]   
[[728,712,2]]  

     

8  Conclusion 
 In this paper, we have constructed the quantum codes from cyclic codes over the family of finite 

rings 𝐴𝑞,𝑠, where 𝑞 is prime power. We have given some examples to illustrate the construction of 
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quantum codes over 𝐴𝑞,𝑠  in which some of our quantum codes [[2𝑠𝑛, 2𝑘 − 2𝑠𝑛, 𝑑𝐿]]
𝑞

 are new in 

literature. We beleive that cyclic codes over the family of finite rings 𝐴𝑞,𝑠 will be a good source for 

constructing many good quantum codes. 
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