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Introduction
The fluid flow between parallel plates by means of Couette motion is a classical fluid mechanics
problem that has applications in magnetohydrodynamic (MHD) power generators and pumps,
accelerators, aerodynamics heating, electrostatic precipitation, polymer technology, petroleum industry,
purification of crude oil, and also in many material processing applications such as extrusion, metal
forming, continuous casting, wire and glass fiber drawing, etc. This problem has received considerable
attention in the case of horizontal parallel plates [1] than vertical parallel plates. An analysis of flow
formation in Couette motion between vertical parallel plates was presented by Schlichting and Gersten [2].
This problem is of fundamental importance as it provides the exact solution and reveals how the velocity
profiles varies with time, approaching a linear distribution asymptotically, and how the boundary layer

spreads throughout the flow field.

Free convection in vertical channels has been studied widely in the last few decades under different
physical effects [3] due to its importance in many engineering applications such as cooling of electronic
equipments, design of passive solar systems for energy conversion, cooling of nuclear reactors, design of
heat exchangers, chemical devices and process equipment, geothermal systems and others. However, very
few papers deal with free convection in Couette motion between vertical parallel plates. Singh [4] studied
the effect of free convection in Couette motion. He has considered the unsteady free convective flow of a
viscous incompressible fluid between two vertical parallel plates at constant but different temperatures and
one of which is impulsively started in its own plane and the other is kept stationary. This problem was

further extended for magnetohydrodynamic case by Jha [5].
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Fully developed laminar free convection Couette flow between two vertical parallel plates with
transverse sinusoidal injection of the fluid at the stationary plate and its corresponding removal by
constant suction through the plate in uniform motion has been analyzed by Jain and Gupta [6]. The
physical effect of external shear in the form of Couette flow of a Bingham fluid in a vertical parallel plane
channel with constant temperature differential across the walls was investigated analytically by Barletta
and Magyari [7]. Steady fully developed combined forced and free convection Couette flow with viscous
dissipation in a vertical channel has been investigated analytically by Barletta et al. [8].

Mathematical formulation

The unsteady magnetohydrodynamic flow of an electrically conducting viscous incompressible non —
Newtonian Bingham fluid bounded by two parallel non — conducting porous plates with thermal radiation
considering the Hall Effect is studied.

1. The fluid is assumed to be laminar, incompressible and obeying a Bingham model and flows

between two infinite horizontal plates located at the y =1h planes and extend from x” = 0 to «©
and from z’ = 0 to .

2. The upper plate moves with a uniform velocity Uo while the lower plate is stationary. The upper

and lower plates are kept at two constant temperatures T "2 and T '1 respectively with L>4 :

3. The fluid is acted upon by a constant pressure gradient dp /dx’ in the x’-direction, and a uniform
suction from above and injection from below which are applied at t” > 0.

4. A uniform magnetic field Bo is applied in the positive y - direction and is assumed undisturbed as
the induced magnetic field is neglected by assuming a very small magnetic Reynolds number.

5. The Hall Effect is taken into consideration and consequently a z’- component for the velocity is
expected to arise.

6. It is assumed that the external electric field is zero and the electric field due to the polarization of
charges is negligible.

7. The homogeneous chemical reaction of first order with rate constant between the diffusing species
and the fluid is neglected.

8. The concentration of the diffusing species in the binary mixture is assumed to be very small in
comparison with the other chemical species, which are present and hence Soret and Dufour effects
are negligible.

9. The uniform suction implies that the y’- component of the velocity is constant. Thus, the fluid

velocity vector is given by

viy e =y ) v, Wy )k
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Figure 1: Geometry of the problem

It should be noted that the problem comes out to be a linear problem. In the hydrodynamic case
without suction — injection, the problem reduces to Poiseuille problem [28] the classical hydrodynamic
linear problem. Without suction — injection and by neglecting the Hall current, it reduces to Hartmann —
Poiseuille problem [29], the classical MHD linear problem. The inclusion of the constant suction —
injection as well as the Hall term [30] preserves linearity. So obviously does changing the Newtonian fluid
to a non — Newtonian one in the present study. The classical problems (Poiseuille and Hartmann —
Poiseuille) of channel flow and the related pipe flow of Newtonian fluid are known to be attainable in
practice and to give results in excellent agreement with experiments. The fully developed profiles are
observed away from the inlet and the side — walls of the channel. Using a non — Newtonian fluid is not

expected to cause a problem.

Using a non — Newtonian fluid is not expected to cause a problem. The fluid motion starts from
rest at t” = 0, and the no — slip condition at the plates implies that the fluid velocity has neither a z’ nor an
X’-component at y’ +-h. The initial temperature of the fluid-is assumed to be equal to T /. Since the plates
are infinite in the x” and z” -directions, the physical quantities do not change in these directions.

The flow of the fluid is governed by the momentum equation

pﬂ_‘_'= Vi{i¥v)-Vp' +J =B,
Dt

(1)
Where o the density of the fluid and p is the apparent viscosity of the
model and is given by
u'=K+ o
cu \ | aw
\" &y’
()

Where K the plastic viscosity of a Bingham fluid, To is the yield stress.

If the Hall term is retained, the current density J is given by
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J = olv= B, —,f?[fx B, I']
©)
Where o is the electric conductivity of the fluid and B is the Hall factor. Equation (3) may be solved in J to
yield

[{u +mw' | +{w —mu Hr]
1+m

(4)
Where m is the Hall parameter and m= gfBo . Thus, the two components of the momentum equation (1)
read

' ; y .

"y r o N - { 1 -
cu cl cp c| cu' aB,

P—tTWV,—="—"=+—| H— |~ _u"+mw')

ct oy e’ '\l e 1+m’
®)

cw' 611:' c

p—+ oV, — |— —(w' —mu’)

ct ') 1+m

(6)
P _A
Where €X @ is the unsteady pressure gradient

The energy equation with viscous and Joule dissipations is given by

PC, ~r + 0, ~Tr= _‘ s .|_ \‘| o |C“ J 1+J’:: (u _,_‘1:'3]_%
' (7)

Where Cp, k and D are respectively, the specific heat capacity, the thermal conductivity and thermal
diffusivity of the fluid. The second and third terms on the right — hand side of (7) represent the viscous and
Joule dissipations respectively. We notice that each of these terms

has two components. This is because the Hall Effect brings about a velocity w’ in the z - direction.

The radiative heat flux term is simplified by making use of the Rosseland approximation [31] as

4z oT"
3k &

g, =—
(8)

Here o is Stefan — Boltzmann constant and k* is the mean absorption coefficient. It is assumed that
the temperature differences within the flow are sufficiently small so that T4 can be expressed as a linear
function of T’ after using Taylor”s series to expand T’4 about the free stream temperature T’/ and
neglecting higher — order terms. This results in the following approximation:

Tr-1 = 41161—"—31_14

(9)
Using equations (8) and (9) in the last term of equation (7), we obtain:
&g,  165T; &'T'
= - 3 * = :':
<& k9 (10)

Introducing (10) in the equation (7), the energy equation becomes:
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P - ] - -L y y =

C éT+?C‘1= CT_KC"'L ' |cu| 'C"H |
Frear TRy av'\ &'
Bl (.. .\ 165T7 T’
+ (2" +w'") o
1+m- 3k oy'-
(11)
The initial and boundary conditions of the problem are given by
<0 u=w=0T = T, for all y' |
- 0- W'=w=0,T"=Tat y =—h
l |u =U, w=0T =T, at J.-':j;|
' ) (11)

That the boundary conditions do not show dependence on x’ suggests that the problem has a fully
developed solution of the form:

w=uly,t)v=v,K p=P+Gx

Where P is the pressure at x’= 0 (constant), G is the constant pressure gradient (negative). Under these

conditions the continuity equation “ " is automatically satisfied. It is expedient to write the
above equations in the non — dimensional form. To do this, we introduce the following non — dimensional
quantities

x v z t'U, u w r T'-T] _ wu
Xr=—.,¥V="—.,z=—.1= U= . W= P = 72 V=75 o M=
1 h h h U, U, LU I.-T, K
h
=i
¢ is the Bingham Number (Dimensionless yield stress),
is the pressure gradient,
oU
Re= ikt
K isthe Reynolds number,
S v h
K s the suction parameter,
NN
. :’{#
K is the Prandtl number,
3 UK
PChT, - 1))

is the Eckert number,
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-

R x‘krj

' is the thermal radiation parameter and
_-;",-‘_fz _ C‘_.Bl;h_

K

is the Hartmann number squared

In terms of the above non — dimensional variables and parameters equations (5) — (6) and (11) are,
respectively, written as (where the hats are dropped for convenience)

¢t Recy dx Re

ﬂ+£ﬂ=—E 1{—| cu |— M h{—rmn-‘_ﬁ}
+m’

(13)
ow S ow_ ew |
—_—— = | — 4‘— - Ihi—rmf]
ot Re cy " Re
(14)
g8 S ¢ 1{3R+4,7{ cu v r::u M?*(Ec)
— —| = |+ EC‘IH|:| } (? +w?)
¢t Recy Prl 3R Jovl oy 1+m’
(15)
And the corresponding boundary conditions are
t<0:u=w=8=0 forally
<f |u—1t—§ OQat y=-1
l |;u_1u_{}$ 1at y=1|
' (16)
f=1+— r”'}
cu '\ c:u
B
Where a7
d—P=c:(Ez"’r
And 4x (18)

Numerical solution by Crank Nicholson Method
Equations (13), (14), (17) represent coupled system of non — linear partial differential equations which
are solved numerically under the initial and boundary conditions (16) using the finite difference
approximations. A linearization technique is first applied to replace the non — linear terms at a linear stage,
with the corrections incorporated in subsequent iterative steps until convergence is reached. Then the
Crank Nicholson implicit method is used at two successive time levels [32]. An iterative scheme is used to
solve the linearized system of difference equations. The solution at a certain time step is chosen as an

initial guess for next time step and the iterations are continued till convergence, within a prescribed
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accuracy. Finally, the resulting block tridiagonal system is solved using the generalized Thomas —

algorithm.

The energy equation (15) is a linear non — homogeneous second order partial differential equation
whose right-hand side is known from the solutions of the flow equations (13), (14), (17) subject to the
conditions (16). The values of the velocity components are substituted in the right-hand side of equation
(15) which is solved numerically with the initial and boundary conditions (16) using central differences
and Thomas algorithm to obtain the temperature distribution. Finite difference equations relating the
variables are obtained by writing the equations at the midpoint of the computational cell and then
replacing the different terms by their second order central difference approximations in the y -direction.
The diffusion terms are replaced by the average of the central differences at two successive time — levels.
The computational domain is divided into meshes of dimension At and Ay in time and space respectively
as shown in figure 5.2. We define the variables B= uy , D= wy and, L =6y to reduce the second order
differential equations (13), (14), (17) to first order differential equations. The finite difference
representations for the resulting first order differential equations (13), (14) take the following forms:

-
it jr “ M ja T e s |+ S | -B;+ jaT B,.__,H'. -B it .B | s AR
AL Rel 7 3
I H.f 1.1 \ ; -I
‘-Br'—'.._.'—l I, j+ f— ‘-Br— J -Br'.J- | |+ b oy Br'+1._,l'+'_ +Br'. ja1 +-B;'_'__J. _-B,-_J- |_
A4y) 171 Re 4
M* |[‘ Ui g g T jel Tl 5 T "|+m|- Wi je g W a1 +1"'r'+1..; +_”_LJ ‘|
et R }oA ARe ) (19)
.. .- h 01 1
‘ -“-'r'+1. j+1 r J+1 + 1-1- -“'I.l_‘r' I_i| _DI_ i + D Dll_l. J . Dllj I ] I_:-J_:
L} 2{ j.! :I J R_e | 4 | RE
C(E L )
Dty * D)=\ Dy D) |+ tego5 Doy ju+D; 1 +Dy ;+D, |
2(Ay) _. | . |
M- ‘ n!l filf+'_.J-+'_ B “.l. j+l +?i'j—1_ J +Hf.J |_| “'1]:_1_,.'_1 + “'}-_ j+l + “Tl—l_ J +1l-'.l.j | |
1+m* )| | 4Re 4Re
| T (o)
_ f{; 1, j+l + fq"H_ j + I ja1 + ff
Haa= y
Where 7772
ﬂr _ ,'t_"lr'+'_. T .-'E_"Ir'+'__j + .Hf_ e +;”,u_j
/ 1 1 =
and .

IJCRT2609077 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | a736


http://www.ijcrt.org/

www.ijcrt.org © 2026 IJCRT | Volume 14, Issue 9 September 2026 | ISSN: 2320-2882

The variables with bars are given initial guesses from the previous time step and an iterative
scheme is used at every time to solve the linearized system of difference equations. Then the finite
difference form for the energy equation (15) can be written as

I G, ja1 & jaTt f'}f-l_,; - [_';:; ‘ +i| LigjutLl jutLyy;+L ; i _
| 2(At) Rel 4 |
Pi! 3};!2—4 || |:L;_1_ =l +L; J'+'.4’-_‘Lf—'..j +Lf.j ’-‘_ OZFO
I, 2 ]
(22)
» (f, j+1) i+1, j+1)
1 Y 1L
Unsteady region Steady region o
(. 1 o1
T _1|.‘1-‘ :f+§_j+§
(7. j) (i+1 j)
Ar

Figure 2: Mesh Layout

Where QZFO represents the Joule and viscous dissipation terms which are known from the
[l
solution of the momentum equations and can be evaluated at the midpoint * > = %’ of the computational
cell. Computations have been made for a =2.0, Pr =0.71, Re = 2.0, M = 2.0, Ec = 0.03 and R = 2.0. Grid —
independence studies show that the computational domain 0 <t < « and -1<y <1 can be divided into
intervals with step sizes At = 0.0001 and Ay = 0.005 for time and space respectively. The truncation error
of the central difference schemes of the governing equations is O(At%, Ay?) . Stability and rate of
convergence are functions of the flow and heat parameters. Smaller step sizes do not show any significant
change in the results. Convergence of the scheme is assumed when all of the unknowns u, B, w, D, 6 and L
for the last two approximations differ from unity by less than 10 for all values of y in -1<y <1 at every
time step. Less than 7 approximations are required to satisfy this convergence criteria for all ranges of the

parameters studied here.
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Results and discussion
Figures 3 — 5 present the profiles of the velocity components u and w and the temperature 6

respectively for various values of time t and for To = 0, 0.05, and 0.1. The figures are evaluated for M
=3.0,m=3.0,S=1.0and R =2.0.

1.6
11
0.8 —e t=01 —et=03
— t=05 —»t=10,
— t=210
0 -
1 05 Yo 0.5 1
(a) 7, =00
1.6
11
0.8 # t=01 —ast=03,
— t=20
0
1 05 ¥V o 0.5 1
(b) 7, =0.05
1.6
1
0.8 —e =01 —at=03
— t=10.5, _'.'[:1-[}:
—_t=20
0
1 0.5 }T 0 0.5 1
(c) 7, =010

Figure 3: Time development of the velocity component u for S=1, M =3
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and R=2
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(c) 7, =010

Figure 4: Time development of the velocity component w for S=1, M=3, m=3 and R=2
It is clear from figures 3 and figure 4 that increasing the yield stress Tp decreases the velocity
components u and w and the time at which they reach their steady state values as a result of increasing the
viscosity. The figures show also that the velocity components u and w do not reach their steady state

monotonically. Both u and w increase with time up till a maximum value and then decrease up to the
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steady state. This behaviour is more pronounced for small values of the parameter Tp and it is clearer for u

than for w.

-1 05 O 0.5 1
®) r, =0.05
1.2
—et=01 —et=03.
t=05 —p t=10.
0.8 — t=2.0

(c) 7, =0.10

Figure 5.5: Time development of the temperature 0 for S=1, M=3, m=3 and R=2
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Figure 5 shows that the temperature profile reaches its steady state monotonically. It is observed also
that the velocity component u reaches the steady state faster than w which, in turn, reaches the steady state

faster than 6. This is expected as u is the source of w, while both u and w act as sources for the
temperature.

Figures 6 — 8 depict the variation of the velocity components u and w and the temperature 6 at the
center of the channel (y = 0) with time respectively for various values of the Hall parameter m and for Tb=
0, 0.05, and 0.1. In these figures M =3.0 and S =1.0.

4
—_— m=0
— ﬂ.'l.=1
u —_— m=3
2
0
0 0.5 v 1 1.5
(a)r,=00
4
—eom=10
—am=1

'Ll ﬁ-m=3

0 05 v 1 1.5

wt

®) 7 = 0.05
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Figure 6: Effect of Hall parameter m on the time development of the velocity component p for
S=1, M=3, m=3 and R=2
Figure 6 shows that u increases with increasing m for all values of Tp as the effective conductivity
(=o/(1+m2)) decreases with increasing m which reduces the magnetic damping force on u. It is observed
also from the figure that the time at which u reaches its steady state value increases with increasing m
while it decreases when Tp increases. The effect of Tp on u becomes more pronounced for large values of

m.

3.2

—e m=10
—s =
W | =—> m=3

1.6

(a) 7, =00
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Figure 7: Effect of Hall parameter m on the time development of the velocity component w for
S=1, M=3, m=3 and R=2

In figure 7 the velocity component w increases with increasing m as w is a result of the Hall Effect. On
the other hand, at small times, w decreases when m increases. This happens due to the fact that, at small
times w is very small and then the source term of w is proportional to (mu/(1+m?)) which decreases with
increasing m (m >1). This accounts for the crossing of the curves of w with t for all values of To. Figures
6 and 7 indicate also that the influence of To on u and w depends on m and becomes clearer when is m
large. An interesting phenomenon is observed in Figures 6 and 7, which is that, when m has a non — zero
value the component u and, sometimes, w overshoot. For some times they exceed their steady state values
and then go down towards steady state. This may be explained by stating that with the progress of time, u
increases and consequently w increases. According to equation (11) until w reaches its maximum value.
The increase in w results in a small decrease in u according to equation (10). This reduction in u may, in
turn, result in a decrease in w according to equation (11) which explains the reduction after the peaks. The

time at which over shooting occurs decreases with increasing To.
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Figure 8: Effect of Hall parameter m on the time development of the temperature 0 for S=1,

M=3, m=3 and R=2

Figure 8 shows that the influence of m on 6 depends on t. Increasing m decreases 6 at small times and

increases it at large times. This is due to the fact that, for small times, u and w are small and an increase in

m increases u but decreases w. Then, the Joule dissipation which is also proportional to (1/(1+m?))

decreases. For large times, increasing m increases both u and w and, in turn, increases the Joule and
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viscous dissipations. This accounts for the crossing of the curves of 6 with time for all values of Tb. It is

also observed that increasing To decreases the temperature 6 for all values of m. This is because increasing

To decreases both u and w and their gradients which decreases the Joule and viscous dissipations. The

figure shows also that the time at which 6 reaches its steady state value increases with increasing m while

it is not greatly affected by changing To.

Figures 9 — 11 show the effect of the suction parameter S on the time development of the velocity

components u and w and the temperature 6 at y = 0 with time respectively for various values for Tp =0.0,

0.05, and 0.1. In these figures M =3.0 and m = 3.0.
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Figure 9: Effect of suction parameter S on the time development of the velocity component u for
M=3, m=3 and R=2

Figure 9 shows that u at the center of the channel decreases with increasing S for all values of Tp due

to the convection of the fluid from regions in the lower half to the center, which has higher fluid speed.
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Figure 10: Effect of suction parameter S on the time development of the velocity component w
for M=3, m=3 and R=2

Figure 10 overshooting in w especially for small values of To.
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Figure 11: Effect of suction parameter S on the time development of the time development 0 for
M=3, m=3 and R=2

Figure 11 indicates that increasing S decreases the temperature at the center of the channel for all
values of Tb. This is due to the influence of the convection in pumping the fluid from the cold lower half

towards the center of the channel.
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Figure 12: Effect of thermal radiation parameter R on the time development u for M=3, m=3 and

S=1
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Figure 13: Effect of thermal radiation parameter R on the time development of velocity
component w for M=3, m=3 and S=1
Figures (12) — (14) show the effect of the thermal radiation parameter R on the time development of
the velocity components u and w and the temperature 6 at y = 0 with time respectively for various values
for To= 0.0, 0.05, and 0.1. In these figures m = 3, M =3 and S =1. It is observed that increasing R decreases
the velocity components and temperature of the fluid. An increase in the radiation emission, which is
represented by R, reduces the rate of heat transfer through the fluid. This accounts for the decrease in
temperature with increasing R. The velocity components are decreases through the reduction in buoyancy

forces associated with the decreased temperature.
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Figure 14: Effect of thermal radiation parameter R on the time development of temperature 0

for M=3, m=3 and S=1

In order to examine the accuracy and correctness of the solutions, the results of the time
development of the velocity components u and w at the center of the channel for the Newtonian case is
compared and shown, as depicted Table 1, to have complete agreement with those reported by Attia. This
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ensures the satisfaction of all the governing equations; mass continuity, momentum and energy equations.
While comparisons with previously published theoretical work on this problem were performed, no
comparisons with experimental data were done because, as far as the author is aware, such data are

lacking at the present time.

Table 1: Comparison of the present results and the known results of Attia [30] for Newtonian fluid
(To=0.0)andR=0form=3,M=3,S=1andy=0

Values of « Values of w
' Present results | Attia [201] | Present results | Attia [201]
0.1 0.4678 0.4669 0.0627 0.0619
0.2 0.8093 0.8089 0.2069 0.2056
0.3 1.0171 1.0160 0.3699 0.3687
0.4 1.1267 1.1251 0.5184 0.5171
0.5 1.1722 1.1708 0.6378 0.6370
0.6 1.1801 1.1791 0.7262 0.7260
0.7 1.1689 1.1682 0.7873 0.7872
0.8 1.1510 1.1495 0.8266 0.8263
0.9 1.1305 1.1297 0.8501 0.8491
1.0 1.1129 1.1122 0.8615 0.8607
Conclusions

A numerical solution to an unsteady magnetohydrodynamic the numerical- solution of unsteady
magnetohydrodynamic flow of an electrically conducting viscous incompressible non — Newtonian
Bingham fluid bounded by two parallel non — conducting porous plates is studied with thermal radiation
considering the Hall Effect have been derived. The dimensionless governing coupled, non — linear
boundary layer partial differential equations are solved by an efficient, accurate, and extensively validated
and unconditionally stable finite difference scheme of the Crank Nicholson method, which is more
economical from a computational point of view. The effects of the Bingham number 7b, the Hall
parameter m, thermal radiation parameter R and the suction parameter S on the velocity and temperature
distributions are studied. The Hall term affects the main velocity component u in the x - direction and

gives rise to another velocity component w in the z -direction.

An overshooting in the velocity components u and w with time due to the Hall Effect is observed for
all values of 7p. The flow index 7b has an apparent effect in controlling the overshooting in u or wand the
time at which it occurs. The results show that the influence of the parameter 7o on u and w depends on m
and becomes more apparent when m is large. It is found also that the effect of m on w depends on t for all
values of 7p which accounts for a crossover in the w-t graph for various values of m. The effect of m on

the magnitude of 6 depends on n and becomes more pronounced in case of small 7b.
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The time at which u and w reach the steady state increases with increasing m, but decreases when 7p
increases. The time at which 6 reaches its steady state increases with increasing m while it is not greatly
affected by changing 7b. The effect of thermal radiation parameter R on velocity components u, w and the
temperature by changing the values of Bingham number 7b. As thermal radiation parameter R increases,

the velocity components u, w and temperature 6 fields are decreases with increasing values of 7b.
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